The relationship between performance and working conditions in photobioreactor hydrogen production systems illuminated by a variable intensity light source has been described quantitatively using relational expressions. First, based on the finite volume method and the Michaelis-Menten model, the hydrogen production process of a photobioreactor (PBR) system was simulated numerically. Then, the performance of the PBR system was evaluated considering the hydrogen production rate, dimensionless hydrogen production rate, hydrogen production thrust coefficient and conversion efficiency of light energy to hydrogen energy rate as performance parameters, and the relationship between these parameters and working conditions was studied. Finally, the improved quantum-behaved particle swarm optimization (IQPSO) and surface fitting technique based on the curve fitting method were used to obtain relational expressions about the performance and working conditions of the PBR. All of the results show that the method can obtain accurately relational expressions for the performance optimization and forecasts of the PBR system.
Introduction
With the development of the economy and improvements in quality of life, the demand for energy is increasing. Meanwhile, the exploitation and utilization of irreproducible fossil fuels worldwide has made energy crises, environmental pollution, and global warming increasingly prominent. Thus, there is an urgent need to seek a renewable and clean energy source as an alternative. To date, hydrogen energy has been regarded as an ideal alternative energy source because of the clean byproduct (i.e., water vapor) produced from its reaction with oxygen and the varieties of production methods [1] [2] [3] . Among the various production methods, the photobiological hydrogen production of microorganisms is considered to be an important potential method, since hydrogen production processes are operated at ambient temperatures and pressures.
The photobiological hydrogen production processes of microorganisms can be classified as follows:
1. Photolysis of water using algae and cyanobacteria [4] . For green algae, the electrons are derived from water under the light and used to reduce protons, to produce a hydrogen molecule with hydrogenase enzymes in a hydrogen production process. However, for cyanobacteria and blue-green algae, the electrons from the photolysis process of water are first converted into organic molecules. Then, these organic molecules are degraded and the electrons are used by the hydrogenase and/or nitrogenase enzymes to produce hydrogen.
2.
Photodecomposition of organic compounds by photosynthetic bacteria [4] . For hydrogen production of photosynthetic bacteria, the electrons are derived from external organic medium of photosynthetic bacteria in photo-fermentation and are used by nitrogenase to generate H 2 .
In the processes of photobiological hydrogen production of cyanobacteria, levels of around 30% O 2 in the mixed gases with H 2 is dangerous for the system. In addition, the processes of hydrogen production of photosynthetic bacteria cause water pollution and CO 2 emissions [4] . In photobiological H 2 production system of green algae, hydrogenase is particularly sensitive to O 2 [5] . Melis et al. [6, 7] showed that pure hydrogen production can be achieved by Chlamydomonas reinhardtii under sulfur deprivation. This means that the oxygen inhibition of hydrogenase and the danger of gases mixed with H 2 and O 2 can be avoided. In fact, the photobiological H 2 production process of C. reinhardtii can generally be divided into three phases. In the first phase, C. reinhardtii grows through ordinary photosynthesis. In the second phase, C. reinhardtii is cultured in a sulfur-deprived medium, and O 2 production is slowed down. In the third phase, the anaerobic state of cells is achieved by sulfur deprivation, and cells produce pure hydrogen. Until now, the Chlamydomonas reinhardtii has been regarded as a potential best candidate for photobiological hydrogen production, because of its abilities to absorb CO 2 and large photosynthetic efficiency, which are larger than higher plants (e.g., tree or sugar cane) [8] . Moreover, the hydrogen production of C. reinhardtii has been studied extensively [9] , and this means that mass data experimental data, radiation characteristics and characteristic parameters of the photobiological H 2 production model can be used as a reference. Therefore, the investigation of C. reinhardtii CC125, commonly used in H 2 production, was chosen to theoretically study the photobiological hydrogen production process of the photobioreactors in the present work.
Photobioreactors (PBR) are enclosures used to cultivate microorganisms that utilize light as their energy source for their growth and subsequent product formation [10] . Recently, numerous numerical simulations of the H 2 production process in the PBR have been studied extensively for optimizing the design, operation, and performance of the PBRs. Aiba [11] simulated the distribution and absorptance of light intensity of a one-dimensional plane-parallel photobioreactor with microalgae Rhodopseudomonas spheroides. Berberoglu and Pilon [12] investigated the effect of a mixed culture with C. reinhardtii CC125 and R. sphearoides ATCC 49419 on the conversion efficiency of solar energy to hydrogen energy and hydrogen productivity in plane-parallel PBR. Murphy and Berberoglu [13] calculated the productivity of a C. reinhardtii wild strain and transformant tla1 in plane-parallel PBRs coupling the light transfer model with photosynthetic rate model. In addition, the local specific and total oxygen production as a function of optical thickness at different incident irradiances was calculated in plane-parallel PBRs. Wheaton and Krishnamoorthy [14] simulated light transfer coupled with fluid hydrodynamics in an air-lift tubular photobioreactor illuminated from inside by fluorescent lamps. Slegers et al. [15] simulated outdoor vertical flat-plate PBRs containing Phaeodactylum tricornutum or Thalassiosira pseudonana of continuous culture. Moreover, the effect of PBR thickness and biomass concentration on the volumetric productivity has been studied. Pruvost et al. [16] simulated outdoor inclined rectangular PBR illuminated by solar irradiance with cyanobacterium Arthrospira platensis of continuous cultivation, and the calculation of the areal biomass productivity per unit surface area is based on light transfer model and growth kinetics model. Lee et al. [17] demonstrated that it is necessary to optimize light intensity, cell density, and the optical thickness of the PBR for maximizing microalgal productivity for a given microalgae species in the process of design and operation of PBR. Moreover, they obtained qualitative guidelines from experimental studies. Zhang et al. [18] investigated the effect of solar irradiation, microalgae concentration and bubbles scattering on photobiological hydrogen production in the close plane-parallel PBRs.
To the best of our knowledge, few studies have investigated the quantitative relationship between H 2 production performance and working conditions in a variable light intensity PBR hydrogen production system using the surface fitting method proposed. In the present study, the surface fitting can be converted into a curve fitting by the improved surface fitting, so the form of relational expression can be determined more easily. Accurate relational expressions are useful for the operation, performance optimization and forecast of PBR in the application. Therefore, the objective of the present study was to obtain relational expressions about the performance and working conditions of the PBR system, a variable light intensity system, and provide a method to obtain the relational expressions of various PBR systems.
Models and Methods

Penetration of LED Light in the PBR
Model of Radiative Transfer
There is no doubt that the establishment of the radiative transfer model is an important part of numerical simulation in studying microalgae photobiological H 2 production in a PBR. In the present study, a plane-parallel photobioreactor of thickness L could be simplified as shown in Figure 1 . The reactor contains the C. reinhardtii CC125 at concentration X with respect to the total volume of the reactor, kg dry cell/m 3 . As Figure A1 in Appendix A shows, the microalgae absorption coefficient of wavelength range of 400-500 nm is higher, and it means that microalgae can utilize more light energy in this spectral range than in other spectral ranges. Thus, the adjustable blue light emitting diode (LED) lamps (the LED lamps have several bulbs controlled by power, and the incident radiation of each bulb can be measured by the blackbody furnace method, as in reference [9] ) were selected as the light source. Taking the need to simplify the PBR system into account, the LED light lamps can be considered a point light source uniformly placed above the PBR. Moreover, the spectral absorption coefficient of microalgae is larger than that of pure water, which is shown in Appendix A in Figure A2 in the visible light spectrum, so the effects of the liquid phase were not considered. The reactor was illuminated only from the top with diffuse intensity I in,λ , W/m 2 /sr/nm. The PBR commonly works at a temperature of 292-298 K, so the emission of dispersion media in the reactor and the self-emitting of reactor walls are ignored [18] . Both the liquid phase and the microalgae absorb LED light in the process of light penetration at the PBR, and the microalgae scatter the LED light anisotropically. Hence, the one-dimensional steady-state radiative transfer equation (RTE) can be written according to [2] :
where I λ (z, s) denotes the light intensity at location z in direction s, W/m 2 /sr/nm. Φ X,λ denotes the scattering phase function of the microalgae. σ X,λ is the spectral scattering coefficient of the microalgae, m −1 . κ e f f ,λ and σ e f f ,λ are the effective spectral absorption and scattering coefficients, respectively, expressed in m −1 . It can be written as:
where ρ m is the density of C. reinhardtii, equal to 1350 kg/m 3 . The absorption coefficient of the liquid phase is denoted κ L,λ , m −1 . In experiments, C. reinhardtii usually grown in tris-acetate-phosphate-sulfate (TAP + S) medium and produces hydrogen in sulfur-deprived medium (TAP-S, sulfate was substituted with an equivalent amount of chloride salts) [19] . In our simulation, considering that the optical properties of the liquid phase are similar to pure water, and the spectral absorption coefficient of water [20] is shown in Appendix A in Figure A2 . A abs,λ and S sca,λ denote the mass absorption cross-section of microalgae and the mass scattering cross-section of microalgae, respectively, expressed in m 2 /kg. In addition, the term A abs,λ X in Equation (2) and S sca,λ X in Equation (3) are the spectral absorption coefficient of microalgae κ X,λ expressed in m −1 and the spectral scattering coefficient of microalgae σ X,λ , respectively. The mass absorption and scattering cross-sections A abs,λ and S sca,λ can be calculated from the absorption and scattering cross-sections of the microalgae C abs,λ and C sca,λ according to [21] :
where V 32 denotes that the mean particle volume is 3.36 × 10 −16 m 3 for C. reinhardtii CC 125. C abs,λ and C sca,λ are expressed in m 2 . Moreover, X w was taken as 0.78 for C. reinhardtii. Finally, the spectral absorption and scattering cross-sections of C. reinhardtii CC 125 [21] are shown in Appendix A in Figure A1 . The boundary conditions are of great importance in solving the RTE in simulation. Assuming that the boundary of PBR is completely transmitted, and mismatch of the refractive index between the disperse medium and air is neglected, the PBR is considered to be horizontally placed. As can be seen in Figure 1 , illumination only is from the top with a diffuse light, and the back surface is considered to be cold and black. Thus, the boundary conditions of RTE can be written as:
where E in,λ is the total emissive power of LED light at λ, W/m 2 /nm. As shown in Appendix A in Figure A3 , the spectral emissive power of blue LED light is measured by [8] . In order to simplify the calculation, according to the box model [22] (pp. 362-371), the absorption and scattering cross-sections of the microalgae and the spectral absorption coefficient of water are approximated by the average value within the wavelength range from 400 nm to 500 nm in the PBR of the blue LED light source. The Henyey-Greenstein (HG) phase function can be used to approximate the scattering phase function of microalgae in PBR given by [18] :
where Θ denotes the scattering angle, rad. g is the asymmetric factor of microalgae equal to 0.9834 for C. reinhardtii [12] . (1 − ) (5) where 32 denotes that the mean particle volume is 3.36 × 10 −16 m 3 for C. reinhardtii CC 125.
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The boundary conditions are of great importance in solving the RTE in simulation. Assuming that the boundary of PBR is completely transmitted, and mismatch of the refractive index between the disperse medium and air is neglected, the PBR is considered to be horizontally placed. As can be seen in Figure 1 , illumination only is from the top with a diffuse light, and the back surface is considered to be cold and black. Thus, the boundary conditions of RTE can be written as:
where , is the total emissive power of LED light at , W/m 2 /nm. As shown in Appendix A in Figure A3 , the spectral emissive power of blue LED light is measured by [8] . In order to simplify the calculation, according to the box model [22] (pp. 362-371), the absorption and scattering crosssections of the microalgae and the spectral absorption coefficient of water are approximated by the average value within the wavelength range from 400 nm to 500 nm in the PBR of the blue LED light source.
The Henyey-Greenstein (HG) phase function can be used to approximate the scattering phase function of microalgae in PBR given by [18] :
where denotes the scattering angle, rad. is the asymmetric factor of microalgae equal to 0.9834 for C. reinhardtii [12] . 
Solution Method of Steady RTE
In this paper, the finite volume method (FVM) is used to solve the steady RTE in the PBR [18] . Moreover, to make the problem mathematically trackable, the following assumptions are made [18] : 
In this paper, the finite volume method (FVM) is used to solve the steady RTE in the PBR [18] . Moreover, to make the problem mathematically trackable, the following assumptions are made [18]:
1.
The radiative transfer is an 1D steady-state process which is typical and widely used in numerical simulation of PBR. 
2.
Under the action of a magnetic stirrer, the distribution of C. reinhardtii CC 125 cells is uniform in the PBR, and the effect of convection is ignored.
3.
The effect of bubbles is ignored, and the liquid phase can be considered to be pure water, which is cold, absorbing, and non-scattering.
4.
Mismatch of the refractive index between the disperse medium and air is neglected.
5.
The top surface and bottom surface of PBR are non-reflecting and black, respectively.
Finally, according to the calculation, the radiative characteristics of C. reinhardtii CC 125 cells and liquid phase are shown in Table 1 . 
Photobiological H 2 Production Kinetics Model of PBR
The hydrogen production process of PBR can be simulated by the photobiological H 2 production kinetics model. Considering the effect of photo-inhibition on the hydrogen production process, the Michaelis-Menten model has proven to be highly effective as a model of simulation [23] , and it has been applied extensively. Further, there is an experimental model of the PBR system in reference [9] , which is highly similar to the simulation model in this paper, and Figure 2 shows that the hydrogen production simulation of C. reinhardtii GY-D55 using the Michaelis-Menten equation was compared with an experiment illuminated with a blue LED lamp [9] (the data in Figure 2 is reprinted from Reference [9] ). The radiative transfer is an 1D steady-state process which is typical and widely used in numerical simulation of PBR. 2 Under the action of a magnetic stirrer, the distribution of C. reinhardtii CC 125 cells is uniform in the PBR, and the effect of convection is ignored. 3 The effect of bubbles is ignored, and the liquid phase can be considered to be pure water, which is cold, absorbing, and non-scattering. 4 Mismatch of the refractive index between the disperse medium and air is neglected. 5 The top surface and bottom surface of PBR are non-reflecting and black, respectively.
Photobiological H2 Production Kinetics Model of PBR
The hydrogen production process of PBR can be simulated by the photobiological H2 production kinetics model. Considering the effect of photo-inhibition on the hydrogen production process, the Michaelis-Menten model has proven to be highly effective as a model of simulation [23] , and it has been applied extensively. Further, there is an experimental model of the PBR system in reference [9] , which is highly similar to the simulation model in this paper, and Figure 2 shows that the hydrogen production simulation of C. reinhardtii GY-D55 using the Michaelis-Menten equation was compared with an experiment illuminated with a blue LED lamp [9] (the data in Figure 2 is reprinted from Reference [9] ). Thus, the Michaelis-Menten equation is used to describe the relationship between local incident radiation and hydrogen productivity in the present study. It was proposed as follows [24] (pp. 254-268): Thus, the Michaelis-Menten equation is used to describe the relationship between local incident radiation and hydrogen productivity in the present study. It was proposed as follows [24] (pp. 254-268): where E(z) is the local incident radiation, W/m 2 ; π H 2 (z) presents the local specific hydrogen production rate; K G and K I are the saturation and inhibition irradiation for hydrogen production equal to 25 W/m 2 and 120 W/m 2 , respectively [12] ; π H 2 ,max is the maximum specific hydrogen production rate, kg H 2 /kg dry cell/h. As mentioned above, in order to overcome the oxygen inhibition of hydrogenase, assuming that C. reinhardtii CC125 is cultured in a sulfur-deprived medium. Berberoglu and Pilon [12] obtained the maximum specific hydrogen production rate, which is equal to 5.51 × 10 −4 for sulfur-deprived cells according to experimental data C. reinhardtii by sulfur-deprived cultures in reference [19] , and applied it to numerical simulation of C. reinhardtii CC125. The total photosynthetic effective hydrogen production rate in plane-parallel PBR can be written as:
where A s is the irradiated surface area of PBR equal to 1 m 2 in our study. L is thickness of the PBR equal to 0.1 m. Finally, the accuracy of the radiative characteristic and the characteristics parameters of hydrogen production kinetics used to our model has already proven by experimental data. Thus, this paper did not verify the accuracy of radiative transfer model and photobiological H 2 production kinetics model by experiment.
Performance Parameters of PBR
The performance of a PBR system depends on working conditions of PBR (i.e., light intensity, cell concentration, microorganism species, temperature, culture medium pH, CO 2 content, as well as size and structure of PBR, to name a few), and different PBR systems have different variable parameters, structures and mechanisms. Although an investigation of all factors and all kinds of PBR systems is beyond the scope of this work, an approximated method is provided to relate all of these factors with the performance of PBR. As a matter of fact, in practical applications, the light intensity of a PBR system using an LED light source can be adjusted. In addition, the concentration of cells in the PBR varies with cellular activities. Moreover, the size and structure of PBRs are fixed at the beginning of manufacture. Thus, only the variation of light illumination and microalgae concentration affect the performance of the isothermal system when the variations in the culture medium pH and CO 2 content were ignored.
The performance parameters were evaluation parameters of a system in a certain working condition. The total photobiological hydrogen production rate was a basic performance parameter mentioned in the paragraph above. Further, the efficiency of hydrogen production is as important as the rate of hydrogen production generally. So, the conversion efficiency of light energy to hydrogen energy is an indispensable performance parameter of the PBR system. It can be calculated by:
where ∆G 0 denotes the standard-state free energy of formation of H 2 from water splitting reaction, which is 236337 J/mol at the temperature of 303 K. M H 2 is the molecular mass of hydrogen equal to 2.016 × 10 −3 kg/mol. E tot presents the total incident radiation of LED light, W/m 2 . As shown in Figure 3 , it can be seen that when the concentration of microalgae is constant in the PBR, the total hydrogen production rate of the PBR system increases with the enhancement of light intensity in the photo-promoting zone, and an opposite trend presents itself in the photo-inhibiting zone. It is apparent that there is a working condition point of maximum total photosynthetic effective hydrogen production rate at the boundary of photo-inhibiting and photo-promoting zones. In order to present the potential of hydrogen production at a certain cell concentration, the ratio of the total hydrogen production rate in the photo-promoting zone and the maximum total hydrogen production Energies 2019, 12, 4089 7 of 24 rate at a certain microalgae concentration X is defined as the dimensionless hydrogen production rate at microalgae concentration X as a performance parameter. It can be written as:
where α X is the dimensionless hydrogen production rate at microalgae concentration X. m H 2 ,X,max denotes the maximum total hydrogen production rate of the microalgae at a certain microalgae concentration X, kg/h. Moreover, the hydrogen production thrust coefficient expressed in s 2 is defined to indicate the difficulty of conversion of light energy into hydrogen energy. This performance parameter can be written:
where m H 2 ,X denotes the total photosynthetic effective hydrogen production rate in the PBR at microalgae concentration X in the photo-promoting zone, in kg/h. Obviously, the larger ξ X is, the more easily the total photosynthetic effective hydrogen production rate increases when the light intensity is increasing, and vice versa. 
where is the dimensionless hydrogen production rate at microalgae concentration X.
, ,
denotes the maximum total hydrogen production rate of the microalgae at a certain microalgae concentration X, kg/h. Moreover, the hydrogen production thrust coefficient expressed in s 2 is defined to indicate the difficulty of conversion of light energy into hydrogen energy. This performance parameter can be written:
where 2 , denotes the total photosynthetic effective hydrogen production rate in the PBR at microalgae concentration X in the photo-promoting zone, in kg/h. Obviously, the larger is, the more easily the total photosynthetic effective hydrogen production rate increases when the light intensity is increasing, and vice versa. 
Fitting the Performance Curves and Surfaces of PBR
Fitting Curves Based on Improved Quantum-Behaved Particle Swarm Optimization Algorithm
In order to facilitate the engineering applications of the performance curve (i.e., the curve relating system performance to working conditions) of the PBR, it is necessary to fit the performance curve generally. In the present study, the sum of squares of relative errors is considered as the undetermined function optimized in the curve fitting process. It can be written as:
where ( , ) is the data point on the curve; ( ) is the objective function of the fitting curve. The coefficient of the function ( ) can be determined when the value of RE is the minimum value. The improved quantum-behaved particle swarm optimization (IQPSO) algorithm presented in [25] is used to optimize the undetermined function in our study. The detail of the IQPSO available in reference [25] will not be repeated here. The flow chart of curve fittings based on the IQPSO is shown in Figure 4 . 
Fitting the Performance Curves and Surfaces of PBR
Fitting Curves Based on Improved Quantum-Behaved Particle Swarm Optimization Algorithm
where (x i , y i ) is the data point on the curve; Γ(x) is the objective function of the fitting curve. The coefficient of the function Γ(x) can be determined when the value of RE is the minimum value. The improved quantum-behaved particle swarm optimization (IQPSO) algorithm presented in [25] is used to optimize the undetermined function RE in our study. The detail of the IQPSO available in reference [25] will not be repeated here. The flow chart of curve fittings based on the IQPSO is shown in Figure 4 . Fitting the performance surface (i.e., the multi-dimensional surface of relating system performance with working conditions) is necessary to obtain the relational expressions about various performance parameters and working conditions. Moreover, in order to simplify the selection of the fitting relational expressions, the curve fitting method is used to fit the surface. The flow chart of the surface fitting is shown in Figure 5 . For a multidimensional performance surface, the relationship between several parameters can be presented as follow:
where A and B i (i = 1, 2, 3, ..., n) denote the parameters. Ψ is an undetermined relational expression.
Step 1. Select a relational expression (such as A = Ψ (B 1 , P(i)) where P(i) (i = 1, ...) is an undetermined coefficient vector) to fit the scatter plot about A and B 1 at several different B 2 which are in the range of values.
Step 2. Select a relational expression (such as P
is an undetermined coefficient matrix) to fit the scatter plot about P(i) (i = 1, ...) and B 2 at several different B 3 which are in the range of values.
Step 3. Select a relational expression (such as Q(i, j) = f 2 (B 3 , R(i, j, k)) where R(i, j, k) (k = 1, ...) is an undetermined coefficient matrix) to fit the scatter plot about Q(i, j) ( j = 1, ...) and B 3 at several different B 4 which are in the range of values.
And so on, the relational expression can be written as:
In this paper, only the three-dimensional performance surface was fitted, since only the variation of light illumination and microalgae concentration was considered in the PBR system. The method of fitting the multidimensional performance surface is proposed as a reference for complex working conditions. Finally, the relative error matrix was used to represent the quality of the surface fitting, and it can be written as:
where A s f and A are the total incident radiation obtained from the relational expression and the simulation, respectively. 
Results and Discussions
Effect of Working Conditions of PBR System on Hydrogen Production Thrust Coefficient
Before analyzing the variation of other performance parameters in the system with working conditions, it is essential to study the influence of microalgae concentration and light intensity on the hydrogen production thrust coefficient. It can be seen in Figure 6 that the hydrogen production thrust coefficient of PBR increased with the increase of microalgae concentration. This is due to the fact that at a same light intensity, microalgae cells with lower concentration in PBR are more susceptible to the effects of the photoinhibition effect, compared with microalgae cells in larger concentrations. Therefore, when the concentration of microalgae is low, the light energy can hardly be converted into hydrogen energy because of the strong photo-inhibition effect, that is, the hydrogen production thrust coefficient is smaller. Moreover, with the increase in total incident radiation, the hydrogen production thrust coefficient in PBR decreased continuously. Because the number of photo-inhibited microalgae cells in PBR increases with the increase of light intensity, it is more difficult to convert light energy into hydrogen energy (i.e., the hydrogen production thrust coefficient is smaller).
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Operation Guideline for Variable Light Intensity PBR System
Variable light intensity PBR systems have great potential to improve performance and save energy. It is of great significance to study the relationship between the concentration of microalgae, the light intensity, and the performance of PBR. Figure 7 shows the curves for total incident radiation and the total hydrogen production rate varying with the concentration of microalgae at α = 1. With the increase in microalgae concentration, the corresponding light intensity and hydrogen production rate were enhanced. In addition, with the increase in microalgae concentration, the growth rate of light intensity increased, and the growth rate of hydrogen production rate decreased. According to Figure 7 , the higher the concentration of microalgae and the total incident radiation are, the larger the hydrogen production thrust coefficient and the slope of the hydrogen production thrust coefficient curve. When α = 1, the hydrogen production thrust coefficient was 0. Therefore, the higher the concentration of microalgae, the larger the light intensity, the more difficult it is to drop the hydrogen production thrust coefficient to 0. As a result, the explosive growth occurred with higher concentrations of microalgae. Moreover, with the increase in light intensity, the hydrogen production thrust coefficient decreased constantly due to the photo-inhibition effect. As a result, the increase of hydrogen production rate became smaller and smaller. Figure 8a,b shows that when the concentration of microalgae was constant, conversion efficiency of light energy to hydrogen energy was improved and the light intensity of LED decreased with the decreasing α. Therefore, when the 
Variable light intensity PBR systems have great potential to improve performance and save energy. It is of great significance to study the relationship between the concentration of microalgae, the light intensity, and the performance of PBR. Figure 7 shows the curves for total incident radiation and the total hydrogen production rate varying with the concentration of microalgae at α = 1. With the increase in microalgae concentration, the corresponding light intensity and hydrogen production rate were enhanced. In addition, with the increase in microalgae concentration, the growth rate of light intensity increased, and the growth rate of hydrogen production rate decreased. According to Figure 7 , the higher the concentration of microalgae and the total incident radiation are, the larger the hydrogen production thrust coefficient and the slope of the hydrogen production thrust coefficient curve. When α = 1, the hydrogen production thrust coefficient was 0. Therefore, the higher the concentration of microalgae, the larger the light intensity, the more difficult it is to drop the hydrogen production thrust coefficient to 0. As a result, the explosive growth occurred with higher concentrations of microalgae. Moreover, with the increase in light intensity, the hydrogen production thrust coefficient decreased constantly due to the photo-inhibition effect. As a result, the increase of hydrogen production rate became smaller and smaller. Figure 8a,b shows that when the concentration of microalgae was constant, conversion efficiency of light energy to hydrogen energy was improved and the light intensity of LED decreased with the decreasing α. Therefore, when the requirements of total photosynthetic effective hydrogen production rate and conversion efficiency of light energy to hydrogen energy are determined, the relationship between the intensity of LED light and the concentration of microalgae can be determined in the process of PBR operation. requirements of total photosynthetic effective hydrogen production rate and conversion efficiency of light energy to hydrogen energy are determined, the relationship between the intensity of LED light and the concentration of microalgae can be determined in the process of PBR operation. 
PBR Performance Surfaces and Curves Fitting
In engineering applications, the accurate quantitative relationship between performance parameters and working conditions is obviously more convenient in operation, performance optimization and forecasting of a PBR system. Therefore, the relational expressions were obtained with the fitting performance surface or curve in this section. Figure A4 in Appendix A shows the relative error between the curve of total hydrogen production rate varying with microalgae concentration at α = 1 and the fitting curve obtained by the IQPSO curve fitting method. It can be seen that the maximum relative error did not exceed 2%. The fitting relational expression is as follows:
(17) Figure 7 . The curves of total incident radiation and total hydrogen production rate varying with the concentration of microalgae at α = 1.
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In engineering applications, the accurate quantitative relationship between performance parameters and working conditions is obviously more convenient in operation, performance optimization and forecasting of a PBR system. Therefore, the relational expressions were obtained with the fitting performance surface or curve in this section. Figure A4 in Appendix A shows the relative error between the curve of total hydrogen production rate varying with microalgae concentration at α = 1 and the fitting curve obtained by the IQPSO curve fitting method. It can be seen that the maximum relative error did not exceed 2%. The fitting relational expression is as follows: where X is between 0.035 and 0.35 kg dry cells/m 3 . P m H 2 (i) is shown in Appendix A in Table A1 . According to the definition of α, the relational expressions of total hydrogen production rate, dimensionless hydrogen production rate, and microalgae concentration are as follows:
The performance surface of the light intensity varying with the dimensionless hydrogen production rate α (0.96-0.998) and the microalgae concentration X (0.035-0.35 kg dry cell/m 3 ), shown in Figure 9a , was fitted as an example in this section. According the section above, the larger α was, the smaller the hydrogen production thrust coefficient and conversion efficiency of light energy to hydrogen energy were. Thus, α was no more than 0.998 in the present study. For the three-dimensional surface fitting, the surface is converted to the family of curves, as shown in Figure 9b . In addition, according to the characteristics of the family of curves, a same form of relational expression is determined to fit each curve in the curve family. The fitting relational expression chosen in this example is as follows:
where p(i) is an undetermined coefficient; n denotes the number of polynomial terms in the exponential part of the relational expression equal to 5 in this example; (...) α=a denotes the relational expression of the curve of α = a in the family of curves. Then, the scatter plot of α and p(i) obtained from the above was fitted for obtaining the relational expression, and it can be written as:
where f i (α) can be obtained according to the characteristics of the scatter distribution. The scatter plot of α and p(i) and the curve of function f i (α), for this example, are shown in Figure 10a -e. In this example,
where Q E (0.96−0.998) (i, j) is the coefficient matrix of surface relational expressions shown in Appendix A in Table A2 . Finally, Substituting Equation (21) into Equation (19) yields the surface relational expression, as follows: The relative error matrix for this example is shown in Appendix A in Figure A5 . As can be seen in Figure A5 in Appendix A, the relative error of the surface relational expression obtained by this method was within an acceptable range. The performance surface of the light intensity with the dimensionless hydrogen production rate α (0.1-0.96) and the microalgae concentration X (0.035-0.35 kg dry cell/m 3 ) is shown in Figure 11 . The smaller α was, the smaller the hydrogen production rate and penetration depth of light were. Therefore, the dimensionless hydrogen production rate was set as α ≥ 0.1. In this paper, the fitting relational expression of Figure 11 can be written as: where Q E (0.1−0.96) (i, j) is shown in Appendix A in Table A3 . As shown in Appendix A in Figure A6 , the maximum of the relative error matrix is 4%, which means that if the concentration of microalgae and hydrogen production rate is in that region mentioned above, there will be a relatively larger error between the numerical results and the fitting surface. However, the result was still acceptable, and it can be used to guide operation of the PBR system. According to the definition of conversion efficiency of light energy to hydrogen energy η H 2 , the relational expressions of η H 2 , α and X are as follow:
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Calculating Performance Surface of Hydrogen Production
To verify the accuracy of the above expressions, the performance surface of hydrogen production (i.e., the surface of total hydrogen production rate varying with light intensity and microalgae concentration) was calculated by applying the above quantitative relationship and comparing with the surface of hydrogen production obtained by simulation. Figure 12 shows the surface of hydrogen production in calculating where the black line represents the dimensionless hydrogen production rate α = 0.998. In addition, the surface of hydrogen production of the simulation is shown in Figure 13 . As seen in Appendix A in Figure A7 , the maximum of the relative error matrix did not exceed 2%. Thus, the accuracy of the above relational expressions is satisfying. It is demonstrated that the improved curve and surface fitting can be applied to quantitative research of PBR performance, and it is of great significance in forecasting and optimizing PBR performance quickly and precisely. Figure 11 . The performance surface of total incident radiation with the dimensionless hydrogen production rate (0.1-0.96) and the microalgae concentration.
To verify the accuracy of the above expressions, the performance surface of hydrogen production (i.e., the surface of total hydrogen production rate varying with light intensity and microalgae concentration) was calculated by applying the above quantitative relationship and comparing with the surface of hydrogen production obtained by simulation. Figure 12 shows the surface of hydrogen production in calculating where the black line represents the dimensionless hydrogen production rate α = 0.998. In addition, the surface of hydrogen production of the simulation is shown in Figure 13 . As seen in Appendix A in Figure A7 , the maximum of the relative error matrix did not exceed 2%. Thus, the accuracy of the above relational expressions is satisfying. It is demonstrated that the improved curve and surface fitting can be applied to quantitative research of PBR performance, and it is of great significance in forecasting and optimizing PBR performance quickly and precisely. 
Conclusions
In the present study, taking a variable light intensity PBR system as an example, the performance of the PBR system was studied quantitatively. Meanwhile, the relational expressions about the performance and working conditions of variable light intensity PBR system have been obtained by surface fitting based on curve fitting. The following conclusions can be drawn:
1
For the C. reinhardtii CC125 ranging from 0.035 to 0.35 kg dry cell/m 3 , the hydrogen production thrust coefficient of PBR increased with the increase in microalgae concentration and decreased with the increase in total incident radiation in the photo-promoting zone. This means that the higher the total incident radiation and the smaller microalgae the concentration, the more difficult it is to convert light energy to hydrogen energy. 2
In the variable light intensity PBR system, the dimensionless hydrogen production rate is of great significance to relate microalgae concentration with light intensity. By optimizing the dimensionless hydrogen production rate varying with light intensity, the performance of variable light intensity PBR systems can be effectively maintained (i.e., both hydrogen production rate and conversion hydrogen rate are satisfying) at different concentrations. In other words, the potential for hydrogen production of PBR determines the operation of the PBR system. 
In the variable light intensity PBR system, the dimensionless hydrogen production rate is of great significance to relate microalgae concentration with light intensity. By optimizing the dimensionless hydrogen production rate varying with light intensity, the performance of variable light intensity PBR systems can be effectively maintained (i.e., both hydrogen production rate and conversion hydrogen rate are satisfying) at different concentrations. In other words, the potential for hydrogen production of PBR determines the operation of the PBR system. Figure 13 . The surface of hydrogen production of simulation.
1.
For the C. reinhardtii CC125 ranging from 0.035 to 0.35 kg dry cell/m 3 , the hydrogen production thrust coefficient of PBR increased with the increase in microalgae concentration and decreased with the increase in total incident radiation in the photo-promoting zone. This means that the higher the total incident radiation and the smaller microalgae the concentration, the more difficult it is to convert light energy to hydrogen energy.
2.
In the variable light intensity PBR system, the dimensionless hydrogen production rate is of great significance to relate microalgae concentration with light intensity. By optimizing the dimensionless hydrogen production rate varying with light intensity, the performance of variable light intensity PBR systems can be effectively maintained (i.e., both hydrogen production rate and conversion hydrogen rate are satisfying) at different concentrations. In other words, the potential for hydrogen production of PBR determines the operation of the PBR system.
3.
The performance surface was used to express the relationship of performance and working conditions. Moreover, the three-dimensional performance surface is fitted using the surface fitting method based on curve fitting. It is demonstrated that this surface fitting method is easy, accurate and operable for a three-dimensional surface.
4.
When it is necessary to study the performance of different PBR systems, the surface fitting method based on curve fitting can be used to fit the multi-dimensional performance surface and obtain the quantitative relationship, which can be used for the operation, forecast and optimization of PBR systems.
Finally, as mentioned above, with the increase in light intensity, hydrogen production of microalgae increased, however, energy conversion efficiency of microalgae decreased. Thus, it is difficult to weigh hydrogen production and energy conversion efficiency in variable light intensity PBR systems when microalgae concentration is variable. In this paper, the performance parameter α was defined to connect working condition parameters (including light intensity and microalgae concentrations) with PBR performance parameters (including hydrogen production and energy conversion efficiency) and used to keep the PBR system working efficiently. Moreover, the quantitative relationship between working conditions and the performance of a variable light intensity PBR system was obtained using an improved fitting surface method. It can be used to operate, optimize, and forecast the performance of the PBR system.
In practical applications, working conditions are more complicated. Future work should use more advanced empirical models of photobiological hydrogen production in order to take more factors into account. 
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